(1) y\ + Vï + ■■■ y* ^ x where 2/1,2/2 ••• yk are integers (positive, negative or zero). Thus, Ak(x) is the number of lattice points in a /c-dimensional hypersphere of radius x1/2. This paper describes the calculation of a table of A2(x) and A3(x) on an IBM 650 computer. As a first approximation these are, respectively, the area and volume of the circle and sphere, but the question is how good these approximations are. In general, we are interested in (2) Pk(x) = Ak(x) -Vk(x)
where the volume of a sphere of radius x12 in fc-dimensional hyperspace is "m m
<3) r«-iW2TTr
P2(x) has been investigated by many celebrated mathematicians and Wilton [1] gives an account of the early work. More recently there have been theoretical investigations of Pk(x) for higher dimensions, particularly by Walfisz [2], whose notation is being followed here.
We write P2(x) = 0(xc) to mean, in the usual sense, that there exists K such that I P2(x) \/xc ¿i K as x -> 00 ; and P2(x) = o(xc) to mean that Table 1 Contributions to A3( Hardy has shown that so that we may write
where c ^ J and the best value is known to be less than 13/40. It is considered probable that c is arbitrarily close to J. Besides furnishing numerical values of A2(x) and Az{x), one purpose of this tabulation is to examine the consistency of the observed numbers with this conjecture. Although analytic number theory yields considerable information on the behavior of Pk{x) for k <£ 4, there seems to be little reported on P3(x). In general (4) so that PÁx) 0(x^1)n) and Pk(x) = Ü{xm~l)
where it is known that eel and the best value is equal to or less than 1. These limits, of course, are not very sharp; for P2(x) we get from (4) only that | è c à 0. Thus, another purpose of the tabulation is to obtain some information about the behavior of P¡(x).
2. Computing Formulas. There are many summation formulas which can be derived for A3(x). Essentially they are all modified enumerations where advantage is taken of the symmetries present. Table 1 shows a decomposition into the terms which contribute to A%(x). Allowing for the solution at the origin, we then get (5) At(x) m 48T + 24(17 + V + W) + 6S + 12F + 8Z + 1* * As noted by Legendre this same result is reached by noting that As(x) is given by.the number of terms having coefficients â x in the expansion of (1 + 2 S¿ Vi )(1 + 2 2, V' ) (1 + 2 2* y"*)-
We proceed to find expressions for each of these terms. Let [y/Ñ] be the largest integer equal to or less than the square root of N, i.e., These equations, (7) and (8), were the two actually used the first time the table was computed. If it had been practical to compute in successive values of x it probably would have been best to use a difference formula to find the contributions from successive spherical shells. Actually it was decided to compute in equal intervals of xm for a while, and then to skip to large arguments so that the asymptotic values could be examined. The IBM 650 computer used for the calculation was equipped with core storage and index registers. Although the full program required only 168 instructions and the inner loop was completely in the 60-word core storage, it took about 10 hours to compute A3(106), the largest value for which equation (7) where L0 is the largest integer, 2/1 satisfying y* + (2/1 + 1) ^ x. These equations can be obtained by counting the lattice points according to the scheme illustrated in Figure 1 and Table 2 . This second program was faster than the first, and it was possible to extend the calculation to x = 3.24 X 106, which value took about 1J hours to compute. For this value, ^3(2:) exceeds the 10 digits of the storage positions, but the individual sums contributing to the result are still within single-precision range.
Since the calculation was done it has been realized that there are formulas which might be even more efficient for computing. These result from the following equation, noted by Gauss: The terms contributing to A2(x) are shown in Figure 2 , and it is seen that equation (11) is superior to equations (8) and (10) for computing because the contribution given by <i[y/x/2]2 has been removed from the summation. When equation (11) Still other summation formulas can be derived and it is likely that the most efficient one will depend on the computer being used. A method of decomposition for finding Ak(x) which is best for k = 2 is not necessarily best for higher values of k.
3. Results. A partial table of computed results is shown in Table 3 Figure 4 shows a graph of log | P3(x) \ versus log x, for those computed values of x where log | P3(x) | is larger than any preceding value. Two lines, with slopes
